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We consider extensions of Lemaitre–Tolman–Bondi (LTB) spacetimes to the dissipative case. For
doing that we previously carry out a systematic study on LTB. This study is based on two different
aspects of LTB. On the one hand, a symmetry property of LTB will be presented. On the other
hand, the description of LTB in terms of some fundamental scalar functions (structure scalars)
appearing in the orthogonal splitting of Riemann tensor will be provided. We shall consider as
“natural” generalizations of LTB (hereafter referred to as GLTB) either those metrics admitting
some similar kind of symmetry as LTB, or those sharing structure scalars with similar dependence
on the metric.
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I. INTRODUCTION
LTB dust models [1–3] are among the oldest and most
interesting solutions to Einstein equations. They de-
scribe spherically symmetric distribution of inhomoge-
neous non–dissipative dust (see [4, 5] for a detailed de-
scription of these spacetimes).
They have been used as cosmological models (see [6–
10] and references therein), in the study of gravitational
collapse and the problem of the cosmic censorship [11–
17], and in quantum gravity [18, 19].
A renewed interest in LTB has appeared, in relation
with recent observations of type Ia supernovae, indicating
that the expansion of the universe is accelerating. Indeed,
even if it is true that there is general consensus to invoke
dark energy as a source of anti-gravity for understand-
ing the cosmic acceleration, it is also true that a growing
number of researchers consider that inhomogeneities can
account for the observed cosmic acceleration, without in-
voking dark energy (see [20–26] and references therein).
Now, in spite of all their interest, LTB spacetimes
present an important limitation, namely: they do not
admit dissipative fluxes. This is a serious shortcoming
since it is already an established fact that gravitational
collapse is a highly dissipative process (see [27–29] and
references therein). This dissipation is required to ac-
count for the very large (negative) binding energy of the
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resulting compact object (of the order of −1053erg).
Indeed, it appears that the only plausible mechanism
to carry away the bulk of the binding energy of the col-
lapsing star, leading to a neutron star or black hole is
neutrino emission [30].
Dissipation processes are usually treated invoking
two possible (opposite) approximations: diffusion and
streaming out.
In the diffusion approximation, it is assumed that the
energy flux of radiation (as that of thermal conduction)
is proportional to the gradient of temperature. In this
regime, an equation of transport should be assumed in
order to obtain the temperature distribution for each
model.
The diffusion approximation is in general very sensible,
since it applies whenever the mean free path of particles
responsible for the propagation of energy is very small as
compared with the typical length of the object, a circum-
stance found very often in astrophysical scenarios.
In fact, for a main sequence star such as the sun, the
mean free path of photons at the centre, is of the order of
2 cm. Also, the mean free path of trapped neutrinos in
compact cores of densities about 1012 g.cm.−3 becomes
smaller than the size of the stellar core [31, 32].
Furthermore, the observational data collected from su-
pernovae 1987A indicate that the regime of radiation
transport prevailing during the emission process, is closer
to the diffusion approximation than to the streaming out
limit [33].
However in many other circumstances, the mean free
path of particles transporting energy may be large
enough so as to justify the free streaming approximation.
Therefore we shall include simultaneously both limiting
cases of radiative transport (diffusion and streaming out),
2allowing us to describe a wide range of situations.
On the other hand, at cosmological scales, even if
it is true that cold dark matter is non–collisional and
strongly dominated by rest–mass, so that pressure and
heat flux terms (of kinetic nature) are negligible, it could
be interesting to test the stability of conclusions and re-
sults based on the assumptions above, with respect to
small deviations from those assumptions. In this sense,
GLTB’s with arbitrarily small (but non–vanishing) dissi-
pative fluxes, could be very helpful.
From all of the above, the motivations to generalize
LTB spacetimes as to admit dissipative fluxes are clearly
justified.
Therefore, it is our goal in this manuscript to consider
possible generalizations of LTB spacetimes to the dissi-
pative case. As it should be obvious, such generalizations
are not unique. As a “qualitative” guide in our endeav-
our we shall look for GLTB’s “as similar” as possible
to LTB’s. More precise definitions of what we mean by
“qualitative” guide and “as similar as possible”, will be
provided later.
Thus for example, exact solutions to Einstein equations
describing dissipative geodesic fluids have been found in
[34–38], however all of them are shear–free and we know
that a distinct property of LTB is it shear, accordingly
we shall search for shearing GLTB. Shearing dissipative
geodesic fluids may be found in [39] and [40], though they
do not become LTB in the non–dissipative case.
Our search will be based on two different types of ar-
guments. On the one hand, symmetry arguments. We
shall find a symmetry property of LTB spacetimes and
we shall assume that the corresponding generalizations
(GLTB) describing dissipative dust, share the same kind
of symmetry. On the other hand, we shall describe LTB
in terms of some scalar functions which emerge from the
orthogonal splitting of the Riemann tensor. We shall as-
sume that two of these scalar functions share the same
form (with respect to metric functions) in both, LTB and
GLTB.
In the specific case of localized configurations we have
to assume that our fluid distribution is bounded by a
spherical surface. In order to avoid thin shells on such
a boundary surface Darmois [41] conditions should be
imposed.
We would like to emphasize that, even though some
specific examples are exhibited, our main goal in this
work consists in providing different techniques to ob-
tain exact solutions representing geodesic radiating fluids
whose properties are in some respect similar to LTB.
II. FLUID DISTRIBUTION, KINEMATICAL
VARIABLES AND BASIC EQUATIONS
We consider a spherically symmetric distribution of
geodesic fluid, which may be bounded by a spherical sur-
face Σ, or not. The fluid is assumed to be pure dust
undergoing dissipation in the form of heat flow (diffusion
approximation) and outgoing null fluid (streaming out
limit).
Choosing comoving coordinates the general metric can
be written (in the case of bounded configurations such a
line element applies to the fluid inside Σ) as
ds2 = −dt2 +B2dr2 +R2(dθ2 + sin2 θdφ2), (1)
where B and R are functions of t and r and are assumed
positive. We number the coordinates x0 = t, x1 = r,
x2 = θ and x3 = φ. Observe that B is dimensionless,
whereas R has the same dimension as r. Also observe
that t is the proper time.
The energy-momentum Tαβ (inside Σ if the system is
bounded) is assumed to have the form
Tαβ = µVαVβ + qαVβ + Vαqβ + ǫlαlβ , (2)
where µ is the energy density, qα the heat flux, ǫ the
radiation density, V α the four-velocity of the fluid and
lα a null four-vector. These quantities satisfy
V αVα = −1, V αqα = 0,
lαVα = −1, lαlα = 0. (3)
Since we have chosen a comoving coordinate system,
we have
V α = A−1δα0 , q
α = qB−1δα1 ,
lα = A−1δα0 +B
−1δα1 , (4)
where q is a function of t and r, qα = qχα and χα a unit
four-vector along the radial direction, satisfying
χαχα = 1, χ
αVα = 0, χ
α = B−1δα1 . (5)
It may be more convenient to write (2) in the form
Tαβ = µ˜VαVβ + q˜ (Vαχβ + χαVβ) + ǫχαχβ, (6)
with
µ˜ = µ+ ǫ,
q˜ = q + ǫ.
A. Einstein equations
For (1) and (6), Einstein equations
Gαβ = 8πTαβ , (7)
read:
38πT00 = 8πµ˜ =
(
2
B˙
B
+
R˙
R
)
R˙
R
−
(
1
B
)2 [
2
R′′
R
+
(
R′
R
)2
− 2B
′
B
R′
R
−
(
B
R
)2]
, (8)
8πT01 = −8πq˜B = −2
(
R˙′
R
− B˙
B
R′
R
)
, (9)
8πT11 = 8πǫB
2 = −B2

2 R¨
R
+
(
R˙
R
)2
+
(
R′
R
)2
−
(
B
R
)2
, (10)
8πT22 = 0 = −R2
(
B¨
B
+
R¨
R
+
B˙
B
R˙
R
)
+
(
R
B
)2(
R′′
R
− B
′
B
R′
R
)
, (11)
where dots and primes denote derivatives with respect to
t and r respectively. Observe that if ǫ 6= 0, the dissipa-
tive dust behaves as an anisotropic fluid with vanishing
tangential stresses [42].
B. Kinematical variables and the mass function
The expansion Θ is given by
Θ = V α;α =
(
B˙
B
+ 2
R˙
R
)
, (12)
and for the shear we have (remember that the four–
acceleration vanishes)
σαβ = V(α;β) −
1
3
Θhαβ , (13)
where hαβ = gαβ + VαVβ .
Using (4) we obtain the non–vanishing components of
(13)
σ11 =
2
3
B2σ, σ22 =
σ33
sin2 θ
= −1
3
R2σ, (14)
with
σαβσαβ =
2
3
σ2, (15)
being
σ =
(
B˙
B
− R˙
R
)
. (16)
σαβ may be also written as
σαβ = σ
(
χαχβ − 1
3
hαβ
)
. (17)
Next, the mass function m(t, r) introduced by Misner
and Sharp [43] (see also [44]) is given by
m =
(R)3
2
R23
23 =
R
2
[
R˙2 −
(
R′
B
)2
+ 1
]
. (18)
We can define the velocity U of the collapsing fluid
as the variation of the areal radius (R) with respect to
proper time, i.e.
U = R˙. (19)
Then (18) can be rewritten as
E ≡ R
′
B
=
[
1 + U2 − 2m(t, r)
R
]1/2
. (20)
With the above we can express (9) as
4πq˜ = E
[
1
3R′
(Θ − σ)′ − σ
R
]
. (21)
From (18)
m˙ = −4π(ǫU + q˜E)R2, (22)
and
m′ = 4π
(
µ˜+ q˜
U
E
)
R′R2. (23)
Equation (23) may be integrated to obtain
m =
∫ r
0
4πR2
(
µ˜+ q˜
U
E
)
R′dr (24)
(assuming a regular centre to the distribution, so m(0) =
0). We may partially integrate (24) to obtain
3m
R3
= 4πµ˜− 4π
R3
∫ r
0
R3
(
µ˜′ − 3q˜ R
′U
RE
)
dr. (25)
C. The exterior spacetime and junction conditions
In the case of bounded configurations, we assume that
outside Σ we have the Vaidya spacetime (i.e. we assume
4all outgoing radiation is massless), or in the dissipation-
less case the Schwarzschild spacetime, described by
ds2 = −
[
1− 2M(v)
ρ
]
dv2− 2dρdv+ ρ2(dθ2+sin2 θdφ2),
(26)
where M(v) denotes the total mass (which is constant in
the Schwarzschild case) and v is the retarded time.
The matching of the full nonadiabatic sphere (includ-
ing viscosity) to the Vaidya spacetime, on the surface
r = rΣ = constant, was discussed in [45] (for the discus-
sion of the shear–free case see [46] and [47]). However
observe that we are now including a null fluid within the
star configuration.
Now, from the continuity of the first differential form
it follows (see [45] for details),
dt
Σ
= dv
(
1− 2M(v)
ρ
)
, (27)
R
Σ
= ρ(v), (28)
and
(
dv
dt
)−2
Σ
=
(
1− 2M(v)
ρ
+ 2
dρ
dv
)
. (29)
Whereas the continuity of the second differential form
produces
m(t, r)
Σ
= M(v), (30)
and
2
(
R˙′
R
− B˙
B
R′
R
)
Σ
= −B

2 R¨
R
+
(
R˙
R
)2+ 1
B
[(
R′
R
)2
−
(
B
R
)2]
, (31)
where
Σ
= means that both sides of the equation are eval-
uated on Σ (observe a misprint in eq.(40) in [45] and a
slight difference in notation).
Comparing (31) with (9) and (10) one obtains
q
Σ
= 0. (32)
Thus the matching of (1) and (26) on Σ implies (30) and
(32).
Also, we have
ǫ
Σ
=
L
4πρ2
, (33)
where (32) has been used and LΣ denotes the total lumi-
nosity of the sphere as measured on its surface, which is
given by
L
Σ
= L∞
(
1− 2m
ρ
+ 2
dρ
dv
)−1
, (34)
and where
L∞ =
dM
dv
Σ
= −
[
dm
dt
(
dv
dt
)−1]
, (35)
is the total luminosity measured by an observer at rest
at infinity.
The boundary redshift zΣ is given by
dv
dt
Σ
= 1 + z, (36)
with
dv
dt
Σ
=
(
R′
B
+ R˙
)−1
. (37)
Therefore the time of formation of the black hole is given
by (
R′
B
+ R˙
)
Σ
= E + U
Σ
= 0. (38)
Also observe than from (29), (34) and (37) it follows
L
Σ
=
L∞
(E + U)2
, (39)
and from (19), (20), (29) and (37)
dρ
dv
Σ
= U(U + E). (40)
Finally it is worth noticing that in the diffussion ap-
proximation (ǫ = 0, q 6= 0) it follows at once from (33)
that the total luminosity (LΣ) vanishes, even though
there are non–vanishing dissipative fluxes (q) within the
sphere. This result is an obvious consequence of the dust
condition (vanishing hydrodynamic pressure).
D. Weyl tensor
TheWeyl tensor is defined through the Riemann tensor
R
ρ
αβµ, the Ricci tensor Rαβ and the curvature scalar R,
5as:
C
ρ
αβµ = R
ρ
αβµ −
1
2
R
ρ
βgαµ +
1
2
Rαβδ
ρ
µ −
1
2
Rαµδ
ρ
β
+
1
2
Rρµgαβ +
1
6
R(δρβgαµ − gαβδρµ). (41)
The electric part of Weyl tensor is defined by
Eαβ = CαµβνV
µV ν , (42)
with the following non–vanishing components
E11 =
2
3
B2E ,
E22 = −1
3
R2E ,
E33 = E22 sin
2 θ, (43)
where
E = 1
2
[
R¨
R
− B¨
B
−
(
R˙
R
− B˙
B
)
R˙
R
]
+
1
2B2
[
−R
′′
R
+
(
B′
B
+
R′
R
)
R′
R
]
− 1
2R2
. (44)
Observe that we may also write Eαβ as:
Eαβ = E(χαχβ − 1
3
hαβ). (45)
Finally, using (8), (10), (11) with (18) and (44) we
obtain
3m
R3
= 4π (µ˜− ǫ)− E . (46)
E. Evolution equations for the expansion and the
shear, Bianchi identities and a constraint equation
for the Weyl tensor
For the system under consideration two equations de-
scribing the evolution of the expansion (Raychaudhury)
and the shear (Ellis [48], [49]), respectively, can be easily
derived (see [50] for details), they read:
Θ˙ +
1
3
Θ2 +
2
3
σ2 = −4π(µ˜+ ǫ), (47)
σ˙ +
1
3
σ2 +
2
3
Θσ = 4πǫ− E . (48)
The two independent components of Bianchi identities
for the system under consideration read (see [51] for de-
tails):
˙˜µ+ (µ˜+ ǫ)
B˙
B
+ 2
µ˜R˙
R
+
q˜′
B
+ 2
q˜R′
BR
= 0, (49)
˙˜q +
ǫ′
B
+ 2q˜
(
B˙
B
+
R˙
R
)
+ 2
R′ǫ
RB
= 0. (50)
Finally, the following constraint equation for the Weyl
tensor may be derived from the Bianchi identities (e.g.
see [28] for details)
[E − 4π(µ˜− ǫ)]′ + (E + 4πǫ)3R
′
R
= −12πq˜B R˙
R
. (51)
III. STRUCTURE SCALARS
As we mentioned in the Introduction, part of our anal-
ysis will be based on a set of scalar functions which ap-
pear in a natural way in the orthogonal splitting of the
Riemann tensor (see [52] for details).
Thus, let us introduce the tensors Yαβ and Xαβ (which
are elements of that splitting [53], [54]), defined by:
Yαβ = RαγβδV
γV δ, (52)
and
Xαβ =
∗ R∗αγβδV
γV δ =
1
2
η ǫραγ R
∗
ǫρβδV
γV δ, (53)
where R∗αβγδ =
1
2ηǫργδR
ǫρ
αβ and ηǫργδ denotes the Levi–
Civita tensor.
Tensors Yαβ and Xαβ may also be expressed through
their traces and their trace–free parts, as
Yαβ =
1
3
YThαβ + YTF (χαχβ − 1
3
hαβ), (54)
Xαβ =
1
3
XThαβ +XTF (χαχβ − 1
3
hαβ). (55)
Then from (52)-(55) and using (6), (7), (41) and (45),
we obtain
YT = 4π(µ˜+ ǫ), YTF = E − 4πǫ, (56)
XT = 8πµ˜, XTF = −E − 4πǫ. (57)
Also, combining (25) and (46) with (56) we may write
YTF = −8πǫ+ 4π
R3
∫ r
0
R3
(
µ˜′ − 3q˜ UR
′
RE
)
dr. (58)
Thus the scalar YTF may be expressed through the
Weyl tensor and the outgoing null fluid or in terms of
the null radiation, the density inhomogeneity and the
dissipative variables. It is worth recalling that a link
between YTF and the Tolman mass has been established
6in [52]. Also, it has been shown that in the geodesic case,
YTF controls the stability of the shearfree condition [50].
Scalars (56)-(57) for the line element (1) are
YT = −2 R¨
R
− B¨
B
, YTF =
R¨
R
− B¨
B
, (59)
XT =
(
2
B˙
B
+
R˙
R
)
R˙
R
− 1
B2
[
2
R′′
R
+
(
R′
R
)2
− 2B
′
B
R′
R
]
+
1
R2
, (60)
XTF =
(
R˙
R
− B˙
B
)
R˙
R
+
1
B2
[
R′′
R
−
(
B′
B
+
R′
R
)
R′
R
]
+
1
R2
. (61)
In terms of these scalar functions, equations (47), (48)
and (51), become
Θ˙ +
1
3
Θ2 +
2
3
σ2 = −YT , (62)
σ˙ +
1
3
σ2 +
2
3
Θσ = −YTF , (63)
(4πµ˜+XTF )
′ = −3R
′
R
XTF + 4πq˜(Θ− σ)B. (64)
Now, from (64) in the non–dissipative case we have
(4πµ+XTF )
′ = −3R
′
R
XTF , (65)
implying that if XTF = 0 then µ
′ = 0. On the other
hand if µ′ = 0 then
(XTF )
′ = −3R
′
R
XTF , (66)
producing
XTF =
f(t)
R3
. (67)
SinceXTF must be regular everywhere within the sphere,
we must put f(t) = 0, therefore we have µ′ = 0 ⇐⇒
XTF = 0. In other words, in absence of dissipation,
energy density inhomogeneity is controled by the scalar
XTF . This last result is also valid for an anisotropic fluid
[52].
In the case of non–dissipative dust, it can be shown
that σ = 0 implies XTF = 0. Indeed, in this particular
case it follows from (63) that YTF = 0, which because of
(56) and (57) produces XTF = 0.
We shall next analyze in some detail some properties
of LTB spacetimes.
IV. LEMAITRE–TOLMAN–BONDI METRIC
In order to obtain the general form of LTB, we assume
a geodesic, dissipationless fluid (q = ǫ = 0). Then we
find after integration of (9),
B(t, r) =
R′
(1 + κ(r))1/2
, (68)
where κ is an arbitrary function of r.
Feeding back (68) in (1) we obtain the Lemaitre-
Tolman-Bondi metric (LTB):
ds2 = −dt2 + (R
′)2
1 + κ(r)
dr2 +R2(dθ2 + sin2 θdφ2). (69)
The metric (69) is usually associated with an inhomoge-
neous dust source (and so we shall do here), however it
is worth mentioning that the most general source com-
patible with LTB spacetimes is an anisotropic fluid ([4],
[55]).
Next, the “Euclidean” condition at the centre re-
quires that the perimeter of an infinitesimally small circle
around the centre be given by 2πl where l is the proper
radius of the circle, given in turn by
l =
∫ r
0
Bdr. (70)
On the other hand, the perimeter of any circle, as it fol-
lows from (1) is given by 2πR implying that in the neigh-
borhood of the centre we must impose the condition:
R′
r=0
= B, (71)
or, using (68)
κ
r=0
= 0. (72)
Now from (18) and (68) we obtain
R˙2 =
2m
R
+ κ(r), (73)
and from (22) and (23)
m = m(r), (74)
m′ = 4πµR2R′. (75)
Also, the Bianchi identity (49) in this case reads
µ˙+ µ
(
B˙
B
+ 2
R˙
R
)
= 0, (76)
producing
µ =
h(r)
BR2
, (77)
7or, using (68)
µ =
3h(r)(1 + κ(r))1/2
(R3)′
, (78)
where h(r) is a function of integration.
Depending on κ there are three possible solutions of
(73):
1. κ = 0 (Parabolic case)
R3/2 = (2m)1/2η3,
2
3
η3 = t− tbb(r). (79)
2. κ > 0 (Hyperbolic case)
R =
m
κ
(cosh η − 1), m
κ3/2
(sinh η − η) = t− tbb(r).
(80)
3. κ < 0 (Elliptic case)
R =
m
|κ| (1−cosη),
m
|κ|3/2 (η−sin η) = t−tbb(r). (81)
Where tbb(r) is an integration function of r giving
the value of time for which R(t, r) = 0, not to con-
found with the center of symmetry R(t, 0).
In order to prescribe an explicit model we have to provide
the three functions κ(r), m(r) and tbb(r). However, since
(69) is invariant under transformations of the form r =
r(r˜), we only need two functions of r.
Scalars YT , YTF , XTF and XT for (69) are:
YTF =
R¨
R
− R¨
′
R′
, YT = −2 R¨
R
− R¨
′
R′
, (82)
and
XTF =
R˙2
R2
− R˙
R
R˙′
R′
− κ
R2
+
κ′
2RR′
, (83)
XT =
2R˙R˙′
RR′
+
R˙2
R2
− κ
R2
− κ
′
RR′
. (84)
A. Symmetry properties of LTB spacetimes
It is a simple matter to check that besides the Killing
vectors associated with spherical symmetry, LTB space-
times admit no further Killing vectors. Also, it is not dif-
ficult to verify that they do not admit conformal Killing
vectors either. It should be clear that such nonadmit-
tance refers to the general form of LTB, not to any spe-
cific solution belonging to LTB spacetime.
However as we shall see below, a specific kind of sym-
metry may be ascribed to LTB spacetimes.
1. Proper matter collineation
It can be shown [56] that in the pure dust case, there
exists a vector field ξ such that for any LTB spacetime
£ξTαβ = 0, (85)
where £ξ denotes the Lie derivative with respect to the
vector field ξ, which can be shown to be of the form
ξρ = ξ0δρt + ξ
1δρr . (86)
whose components are are given by
ξ0 = F (t), (87)
ξ1 = −
(
2F˙ (t) + F (t)
µ˙
µ
)(
µ
µ′
)
, (88)
where F (t) is an arbitrary function. Thus for any LTB
spacetime we can always find a vector field ξ satisfying
(85).
It should be stressed that ξ is not a Killing vector field,
i.e. it defines a proper matter collineation.
V. GENERALIZING LTB TO THE DISSIPATIVE
CASE
From the previous section it should be clear that LTB
spacetimes explicitly exclude dissipative fluxes (either
in the diffusion approximation or in the streaming out
limit).
We shall now approach the problem of extending LTB
so as to include dissipative fluxes (such spacetimes will
be referred to as GLTB). As a necessary condition we
shall require that all GLTB’s become LTB in the limit
when dissipative fluxes vanish.
Since we are searching for spacetimes as “close” as pos-
sible to LTB, we shall consider geodesic, shearing, dust
with q˜ 6= 0. It is worth recalling that the pure dust
(without dissipation) condition implies that the fluid is
geodesic, however this is no longer true for the dissipa-
tive case. Therefore the geodesic condition here is non–
redundant.
Then integration of (9), produces now:
B(t, r) =
R′
(1 +K(t, r))1/2
, (89)
with
1 +K(t, r) =
[∫
4πq˜Rdt+ C(r)
]2
. (90)
Since in the non-dissipative case (89) should become (68),
it follows
C(r) = (1 + κ(r))1/2 , (91)
8and the Euclidean condition at the center, implies
C(r)
r=0
= 1. (92)
Feeding back (89) into (1) and using (90), we obtain
for the line element
ds2 = −dt2 + (R
′)2[∫
4πq˜Rdt+ C(r)
]2 dr2
+ R2(dθ2 + sin2 θdφ2), (93)
or, using (91)
ds2 = −dt2 + (R
′)2[∫
4πq˜Rdt+ (1 + κ(r))1/2
]2 dr2
+ R2(dθ2 + sin2 θdφ2). (94)
Scalars YT , YTF , XT and XTF for (93) are:
YTF =
R¨
R
− R¨
′
R′
+
K˙
1 +K
(
R˙′
R′
− 3
4
K˙
1 +K
)
+
K¨
2(1 +K)
, (95)
YT = −2 R¨
R
− R¨
′
R′
+
K˙
1 +K
(
R˙′
R′
− 3
4
K˙
1 +K
)
+
K¨
2(1 +K)
, (96)
XT =
2R˙R˙′
RR′
+
R˙2
R2
− K
R2
− K
′
RR′
− R˙K˙
R(1 +K)
, (97)
XTF =
R˙2
R2
− R˙
R
R˙′
R′
− K
R2
+
K ′
2RR′
+
R˙K˙
2R(1 +K)
. (98)
In order to proceed further and to obtain specific fami-
lies of solutions we need to impose additional conditions.
As mentioned before the criteria to select such conditions
will be dictated by the requirement that the obtained so-
lution represents the “closest” possible situation to LTB
spacetime, including dissipative fluxes.
Of course, this last requirement is still vague enough
and allows a great deal of possibilities. In this work we
shall focus on two possible extensions. On the one hand
we shall consider extensions based on the characteriza-
tion of LTB spacetimes in terms of the structure scalars.
On the other hand we shall propose extensions of LTB
to the dissipative case, based on the symmetry property
discussed above. However before considering that, let us
describe the treatment of the transport equation in the
pure diffusive case.
VI. THE TRANSPORT EQUATION
In the diffusion approximation (ǫ = 0, q˜ = q), we shall
use a transport equation derived from the Mu¨ller-Israel-
Stewart second order phenomenological theory for dissi-
pative fluids [57–60].
Indeed, it is well known that the Maxwell-Fourier law
for radiation flux leads to a parabolic equation (diffusion
equation) which predicts propagation of perturbations
with infinite speed (see [61]-[64] and references therein).
This simple fact is at the origin of the pathologies [65]
found in the approaches of Eckart [66] and Landau [67] for
relativistic dissipative processes. To overcome such diffi-
culties, various relativistic theories with non-vanishing
relaxation times have been proposed in the past [57–
60, 68, 69]. The important point is that all these the-
ories provide a heat transport equation which is not of
Maxwell-Fourier type but of Cattaneo type [70], leading
thereby to a hyperbolic equation for the propagation of
thermal perturbations.
The corresponding transport equation for the heat flux
reads
βhαρV γqρ;γ+q
α = −Khαρ(T,ρ+T aρ)−1
2
κT 2
(
βV ρ
K
T 2
)
;ρ
qα,
(99)
where K denotes the thermal conductivity, and T and β
denote temperature and relaxation time respectively. In
the case β = 0 we recover the Eckart–Landau equation.
Observe that, due to the symmetry of the problem,
equation (99) only has one independent component,
which may be written as
βq˙ + q = −K
B
T ′ − 1
2
βqΘ + β
T˙
T q. (100)
In the truncated version of the theory, the last term in
(99) is absent (see for example [71]), and (100) becomes
βq˙ + q = −K
B
T ′. (101)
Finally observe that if ǫ = 0 we obtain from (50)
q =
g(r)
B2R2
, (102)
where g(r) is an arbitrary function. Then using (102) in
(100) or (101) we obtain (up to the function g(r)) the
temperature distribution of the fluid in terms of metric
functions.
VII. EXTENSIONS OF LTB BASED ON
STRUCTURE SCALARS
From an inspection of (62), (63), (82)–(84) and (95)–(98),
the following remarks are in order:
• For any geodesic fluid (dissipative or not), the evo-
lution of Θ and σ is fully controlled by YTF and
YT
9• In LTB, scalars YT and YTF do not contain κ.
• In GLTB, scalars YT and YTF differ from their ex-
pressions in LTB, by the same term.
Based on the comments above and on the requirement
of “maximal” similarity between a LTB and its corre-
sponding GLTB, let us assume that scalars YT and YTF
share the same expression (in terms of R) in both cases.
Then it follows at once from (82) and (95) (or (96)),
K˙
1 +K
[
R˙′
R′
− 3
4
K˙
(1 +K)
]
+
K¨
2(1 +K)
= 0. (103)
Integrating (103) we obtain
R′K˙1/2
(1 +K)3/4
= C1(r), (104)
or using (90) and (91)
C1(r) =
(8πq˜R)1/2R′
(1 + κ(r))1/2 +
∫
4πq˜Rdt
, (105)
where C1(r) is an arbitrary integration function.
Next, integrating (104) we obtain
K + 1 =
4[
C1(r)2
∫
dt
(R′)2 + C2(r)
]2 , (106)
where C2(r) is another integration function, which may
be related to C(r) as follows. Taking the t derivative of
(106) we have
K˙ = − 8C
2
1 (r)
(R′)2
[
C21 (r)
∫
dt
(R′)2 + C2(r)
]3 , (107)
then, combining (90) with (107) it follows
2πq˜ =
C21 (r)
R(R′)2
[
C21 (r)
∫
dt
(R′)2 + C2(r)
]2 , (108)
finally, comparing (105) and (108) we also find
C2(r) =
2
(
1− 4πq˜RR′2)
C(r) +
∫
4πq˜Rdt
. (109)
Thus, the assumption above on YT and YTF allows us to
obtain a GLTB from any given LTB. Indeed, from (108),
taking the time and radial dependence of R from any
given LTB, we obtain the dissipative flux of the corre-
sponding GLTB, up to the two functions of r, C1 and
C2. The former must satisfy the regularity condition
C1(0) = 0, and its vanishing brings back to the starting
“seed” LTB solution. The remaining physical variables
follow from the field equations.
Let us now illustrate the method above, with an ex-
ample inspired in the parabolic subclass of LTB
Thus, we choose:
R(t, r) = f(r)(T (r) − t)2/3. (110)
where f(r) and T (r) correspond to any specific parabolic
LTB solution. However, care must be exercised in not
identifying f(r) with the mass function as it happens in
LTB.
Using (110) we may write the integral
∫
dt
(R′)2 as:
I =
∫
dt
(R′)2
=
∫
(T (r)− t)2/3dt[
f ′(r)(T (r) − t) + 23f(r)T ′(r)
]2 ,
(111)
introducing the variable T (r)− t = τ3 in (111) and inte-
grating we obtain:
I = −3
∫
τ4dτ
(aτ3 + b)2
=
=
τ2
(a2τ3 + ab)
+
1
3
3
√
ba5
[
2
√
3 arctan
(
1− 2 3√ab τ√
3
)
− ln
(
aτ3 + b
( 3
√
aτ + 3
√
b)3
)]
, (112)
where a = f ′(r) and b = 23f(r)T
′(r). Feeding back (112) into (108), using (110), we find:
2πq˜ =
C21 (r)f(r)
−1{
C21 (r)
[
τ2
a +
aτ3+b
3
3
√
ba5
[
2
√
3 arctan
(
1−2 3
√
a
b
τ√
3
)
− ln
(
aτ3+b
( 3
√
aτ+
3
√
b)3
)]]
+ C2(r)(aτ3 + b)
}2 . (113)
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Thus, the function C1 controls the magnitude of the
dissipation and can be chosen as small as desired in the
case when perturbations of LTB are required. From the
above it is evident that these GLTB become LTB when
dissipative fluxes vanish. Also, it should be clear that if
the physical properties of the “seed” LTB are reasonable,
so will be the properties of the corresponding GLTB, at
least for a sufficiently small value of the function C1(r).
Finally, in the particular case (ǫ = 0) the temperature
profile of the model can be obtained from (100) (or (101))
and (113).
VIII. EXTENSIONS OF LTB BASED ON
SYMMETRY PROPERTIES
In this section we shall propose another approach to
obtain GLTB spacetimes. It consists in assuming that
any GLTB spacetime shares the same symmetry property
described in section IV for the corresponding LTB.
Thus, let us assume now, that our GLTB admits a
proper matter collineation.
Then, from the energy momentum tensor for dust with
dissipation (6), we obtain, using (85), the three equa-
tions:
ξ0 ˙˜µ+ ξ1µ˜′ + 2µ˜ξ0,0 − 2q˜Bξ1,0 = 0, (114)
−ξ0 ˙˜q−ξ1q˜′+µ˜ ξ
0
,1
B
−q˜
(
ξ0,0 + ξ
0 B˙
B
+ ξ1
B′
B
+ ξ1,1
)
+ǫBξ1,0 = 0,
(115)
ξ0ǫ˙+ ξ1ǫ′ − 2q˜ ξ
0
,1
B
+2ǫ
(
ξ0
B˙
B
+ ξ1
B′
B
+ ξ1,1
)
= 0. (116)
We shall consider two separated subcases, namely:
• Dissipation in purely diffusion approximation (q 6=
0, ǫ = 0, q˜ = q).
• Dissipation in the streaming out limit (ǫ 6= 0, q =
0, q˜ = ǫ).
A. Diffusion approximation
From (9) and (89), we can write:
8πqB =
K˙
1 +K
R′
R
. (117)
Combining (89), (102) and (117) produces
8πg(r) = RR′2
K˙
(1 +K)3/2
. (118)
Next, from (116) we obtain ξ0 = F (t), as in LTB, and
(114) and (115) take the form
F (t)µ˙+ ξ1µ′ + 2µF˙ (t)− 2qBξ1,0 = 0, (119)
F (t)q˙ + ξ1q′ + q
(
F˙ (t) + F (t)
B˙
B
+ ξ1
B′
B
+ ξ1,1
)
= 0.
(120)
This last equation can be rewritten in the form
ξ1
[
ln
(
qBξ1
)]′
+ F (t) [ln (qBF (t))]
˙
= 0. (121)
Multiplying (121) by qB, it becomes:
(qBξ1)′ + (qBF )˙ = 0, (122)
a partial solution of which may be writen as
qBξ1 = −ψ˙(t, r), (123)
qBF (t) = ψ′(t, r). (124)
From (117) and (124) we have:
ψ′(t, r) =
F (t)
8π
K˙
1 +K
R′
R
. (125)
Then, using (102) in (124) with (125), and taking (89)
into account, we get
8πg(r) = RR′2
K˙
(1 +K)3/2
, (126)
which is exactly (118).
More generally, it can be shown that integrability con-
ditions for (119) and (122) can always be satisfied. In
the particular case F (t) = 1, we obtain
ξ1 = −
(ln qB)¨+ 12
(
µ′
qB
)˙
(ln qB)˙′ + 12
(
µ′
qB
)′ .
In other words the existence of a proper matter
collineation is consistent with the general form of GLTB
in the diffusion limit.
We can integrate (118) to obtain
1
(1 +K)1/2
= −4πg(r)
∫
dt
RR′2
+ c(r), (127)
where c(r) is an arbitrary function.
As a specific example, let us choose for R(t, r) the form
for the parabolic subclass of LTB given by (110), then we
obtain
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1
(1 +K)1/2
= − 4πg(r)
f(r)f ′(r)
[
f ′(r)(T (r) − t) + 23f(r)T ′(r)
] + c(r), (128)
and introducing this last expression into (102) we have
q =
g(r)
f2(r)(T (r) − t)2/3
{
− 4πg(r)
f(r)f ′(r)
+ c(r)
[
f ′(r)(T (r) − t) + 2
3
f(r)T ′(r)
]}−2
. (129)
where we have used (89).
So far the GLTB thus obtained, is defined up to four
functions of r, which by the invariance with respect to the
transformation of the radial coordinate reduces to three.
Two of them can be taken exactly as the corresponding
in the LTB “seed” model, and the remaining one is ob-
tained via equations (122)–(124), from the assumption
that ξ1 has the same radial dependence as in the LTB
case. Observe that due to the junction condition (32) we
have to impose g(r)
Σ
= 0. Finally, the temperature profile
can be easily obtained from (100) (or (101)) and (129).
B. Streaming out approximation
In the case q = 0 and ǫ 6= 0, we obtain from Bianchi
identities (49) and (50)
µ˙+ µ
(
B˙
B
+ 2
R˙
R
)
= 0, (130)
producing
µ =
j(r)
BR2
, (131)
exactly as in the LTB case. However, using (89)–(91) we
get in this case
µ =
3j(r)
[∫
4πǫRdt+ (1 + κ(r))1/2
]
(R3)′
, (132)
where j(r) is a function of integration.
Next, in this approximation (114)–(116) take the form
ξ0(µ+ ǫ)˙+ ξ1(µ+ ǫ)′ + 2(µ+ ǫ)ξ0,0 − 2ǫBξ1,0 = 0, (133)
ξ0ǫ˙+ ξ1ǫ′ − (µ+ ǫ)ξ
0
,1
B
+ǫ
(
ξ0,0 + ξ
0 B˙
B
+ ξ1
B′
B
+ ξ1,1
)
− ǫBξ1,0 = 0, (134)
ξ0ǫ˙+ ξ1ǫ′ − 2ǫξ
0
,1
B
+ 2ǫ
(
ξ0
B˙
B
+ ξ1
B′
B
+ ξ1,1
)
= 0. (135)
From (133)–(135) we find
ξ0µ˙+ ξ1µ′ + 2µξ0,0 + 2µ
ξ0,1
B
= 0, (136)
producing
ξ1 = − µ
µ′
(
2F˙ (r, t) + F (r, t)
µ˙
µ
+
2F ′(r, t)
B
)
, (137)
with ξ0 = F (r, t).
Following the requirement of “maximal” similarity be-
tween a LTB and its corresponding GLTB, let us assume
ξ0 = F (t), in which case (137), becomes (88).
Under that condition, we have from (133)–(135)
F (t)(µ+ǫ)˙+ξ1(µ+ǫ)′+2(µ+ǫ)F˙ (t)−2ǫBξ1,0 = 0, (138)
F (t)ǫ˙+ ξ1ǫ′ + ǫ
(
F˙ (t) + F (t)
B˙
B
+ ξ1
B′
B
+ ξ1,1
)
−ǫBξ1,0 = 0,(139)
F (t)ǫ˙ + ξ1ǫ′ + 2ǫ
(
F (t)
B˙
B
+ ξ1
B′
B
+ ξ1,1
)
= 0. (140)
This last equation can be written as:
F (t) [ln( ǫB2 )]
˙
+ ξ1 [ln( ǫ(Bξ1)2 )]
′
= 0, (141)
or in the form
F (t)(ǫB2)˙+
1
ξ1
(ǫ(Bξ1)2)′ = 0. (142)
Also, in this case, we can write (50) in the form
[ln( ǫ(BR)2 )]˙+
1
B
[ln( ǫR2 )]′ = 0, (143)
or,
[
ǫ(BR)2
]˙
+B(ǫR2)′ = 0. (144)
The method to obtain GLTB from any given LTB (in
the streaming out approximation) may now be sketched
as follows:
12
• Take any specific “seed” LTB with a given vector
field ξ defining a proper matter collineation (since
F (t) is arbitrary we put it equal to one).
• Replace the term (ǫB2)˙ in (142) by its expression
obtained from (144).
• Assume that the radial dependence of ξ1 is the same
as the corresponding to the LTB “seed” solution.
• From the form of R corresponding to the “seed”
LTB, integrate (142) with respect to r to obtain
ǫ. Any remaining arbitrary function of t may be
found from junction conditions.
IX. CONCLUSIONS
We have presented different alternatives for obtain-
ing spherically symmetric, geodesic, dissipative dust so-
lutions to Einstein equations (GLTB). All these alter-
natives are oriented to produce solutions with specific
similarities to the non–dissipative case (LTB). For doing
so we have first carried out a study on LTB spacetimes
based, on the one hand on some symmetry properties of
LTB, and on the other on their characterization in terms
of the structure scalars.
The generalizations based on structure scalars produce
a dissipative model for each “seed” LTB, such that dissi-
pative variables are arbitrary only up to a single function
of r.
However, the generalizations based on symmetry prop-
erties have more degrees of freedom, which may be spec-
ified depending on the specific problem under considera-
tion.
For the purely diffusion case the temperature profile
may be obtained from the transport equation considered
in section VI.
At the present time we foresee two interesting applica-
tions of GLTB’s: One the testing of any result obtained
from any specific LTB against the presence of small but
nonvanishing dissipative fluxes, such dissipative pertur-
bations being represented by exact solutions to the Ein-
stein equations; and two, the study of relaxational effects
on different aspects of collapse via the transport equa-
tion.
Finally, as already stressed in the Introduction, let us
recall that our intention here is not to produce specific so-
lutions with a distinct physical interpretation, but rather
to pave the way for finding such solutions.
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